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MODELING REVERSE PROBLEMS OF HEAT CONDUCTION WITH 

MOVING PHASE TRANSITION BOUNDARIES 

A. A. Kosarev, L. S. Milovskaya, 
and P. V. Cherpakov* 

UDC 536.23 

An approximate method of solving some reverse problems of nonlinear heat transfer 
is considered. A procedure is shown for modeling such problems on grid analogs. 

We consider a problem of transient heat transfer or diffusion describable by the equa- 
tions 

0u ~(u) ~ -  := ix(u) u~]~--c(U) u + f ( x ,  t), 0 < x < ~ ( t ) ,  (1) 

p (u) N-oU :._ 1~ (u) u~l~ --  c :(cO u + f (x, t), ~ (t) < x < l (2) 

(where p, ~, X, ~, c, ~, f, f are known functions) with the initial conditions 

u(x, o)=-= ~(x), o < x < ~ ( o ) : ~ ;  ~(x, o)=~(x) ,  ~ o < X < l  (3) 

(including the possible case ~o = 0) and the boundary condition 

[~(u) u~ + , ( u )  Ul,=~ = --q(t, u(t, 0). (4) 

The law according to which the interphase boundary ~(t) moves is described by the equa- 

tion 

{ ~(t, u, D) a~ = ~ U ~ O ~ - - x ( u ) u x + ~ ( x ,  t, u, 0)1 (5) 

w i t h  ~ ( t )  a m o n o t o n i c a l l y  i n c r e a s i n g  f u n c t i o n .  At p o i n t s  on t h e  i n t e r p h a s e  b o u n d a r y  g ( t )  a r e  
s t i p u l a t e d  t h e  a d d i t i o n a l  c o n s t r a n t s  

U (~ (t), t) - -  0 (~ (t), l) = U ~ = const (6) 

U (~ (t), t) --- U (~ (t), t), 

~u~(~(t), t) : ~u~(~(t), t) 

(7) 

(8) 

for the Stefan problem or 
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(a, ~ are constants) for the Verigin problem. Functions % % q, y, ~ and constants U ~ a, 
are given. 

In addition, there is satisfied one of the two conditions: 

A. For either problem (1)-(6) or problem (1)-(5), (7), (8) the location of the inter- 
phase boundary $(t) is known from an experiment. 

B. From an experiment are also known the values of U(x, t) at point x = a (0 < a < ~(t) 
for problem (1)-(6), and 0 < a < ~(t) for problem (1)-(5), (7), (8)). 

We now formulate the reverse problem of heat conduction: find the thermal flux Ux(0 , t) = 
--q(t) at the left-hand boundary x = 0 and the temperature fields U(x, t), U(x, t), and also 
the location of the interphase boundary if the latter is not known from an experiment. 

This problem is an incorrect one, which makes it difficult here to use approximate meth- 
ods of solution. Known finite-difference schemes approximating such a problem, e.g., are un- 
stable here. When the time step is larger than critical [i], then various regularizing algo- 
rithms have to be used for suppressing the instability which builds up [i, 2]. ~nen the time 
step is larger than critical, then no instability occurs. 

Electrical models [3] yield excellent results for a sufficiently coarse grid. 

Here a procedure will be proposed for modeling the finite-difference analog of the given 
problem. It is based on an implicit scheme with trapping the phase front into a node of the 
grid [4] and then modeling it on an R-grid analog [5]. The selected difference scheme is 
readily realizable on an R-grid and is absolutely stable for solution of the forward boundary- 
value problem of heat conduction. 

We use the difference scheme x i = ih (i = 1 .... , N -- i) with x k = kh = ~o. The time 
steps ~k will be made dependent on h so that each time interval ~k corresponds to a change of 
the quantity ~(t) by h: ~k -- ~k-z = h. We now rewrite the system of equations (1)-(8) in 
difference form: 

I; n h 2 

- -  ki-- l ,n--1 ( U i n - - U ' i - l , n ) ] - - - C ~ , n - 1  Uin  ~- f i ,n - - l ,  i = 1, 2 . . . . .  k ACi E t - -  1, 

(9) 

lOi ,n--I  Tn h2 
(io) 

+ n + l  . . . . .  N - - l ,  

Uio=Ti(i----- 1, . . . ,  k), U i o = ~ P i ( i = k  . . . . . .  N - - I ) ,  (ii) 

"~n.! 

- -  ~,~+~_~ ,~_~ (U~+~,~ - -  Uk+~_~ ,~)]+ Ok+ .. . . .  ~ = ? ~ _ ~  - -  

At points of the boundary ~(t) we have 

Uk+n,n ---- Uk+n,~ = U ~ 

for the Stefan problem and 

L_i 

~ - -  ~-1  = _1 [~k§ n--1 ( U k + n + l , n  - -  O A + n , n )  - -  
Tn h ' 

h 

Tn 

U~+n,n = Uk§ 

(12) 

(13) 

(14) 

( 1 5 )  

(16) 

for the Verigin problem. 
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~ ~  ~ ~ + '  "v~+, ~"-'v~.~ R" v~ R"~' ~'r 

Z_ 2 , _ 

F v,_, g ,  g ,  :, 
f( it ~ tf l/ 

Fig. i. Electrical model network for systems of equations (9)- 
(12), (14) and (9)-(12), (15), (16). 

This difference scheme gives an error of the order h + rn" 

Let us then examine the electrical network shown in Fig. i. Here Von, ..., VNn denote 
the voltages at the nodes Po, ..., PN, correspondingly. It is well known [5] that with the 
network parameters selected so as to make 

R~- h~R , ~ _  , , , R  , R~-- R (~=l,  . . . ,  ~+,z--1),  
)'~i .n--1 ~)i ,n--I  Ci .n--1 

It2R - -  "r,,R R (i k + 7l + 1, Nv-1), 
R ~ -  ~ , R i = - -  , R ~ -  e. ' "  

/~i ,n I ~i ,11--1  t , n - - I  

h2R , RN hZR , Rh§ ":: 0, Rg ,urn-1 Rv, 

and with the voltages at the free terminals of the resistance branches stipulated as 

Vt ..... : -  U~  Vg .... g,R~" V ' " t t ~ , _ l '  Vi . . . .  1 - : U * , , ,  1V,  ( V i o = c p , V ) ,  

where V i'' = R"f.l,n_~V (or V i'' = R"fi,n_ V, respectively), and R and V are, respectively, the 

resistance scale and the voltage scale, R" being a sufficiently high resistance, the system 
of equations for voltages Vin at nodes Pi of the electrical network will be identical to the 
finite-difference system of equations (9)-(12), (14) for the Stefan problem. 

With the parameters of the network and the voltages in it such that 

h~R % R  R 
R~ = , ~ , R j  - ' ( i - -  1 . . . . .  le -:,'- ~ * -  I ) ,  

R~ : : - i  " t ~ R  , N~ - ,=, ,~, ,R , .~ :  . . . . .  , ~ R  (~ = ~ + ,~ ,,- 1 . . . . .  . ~ - - ~ ) ,  
~ ,t*--I " PZ ,n--1 Ci ,I~--i 

! ' t n - 1  �9 R, ' , , ' ,  P.,;~,, - hZR" . R.v :-= 1 ' h2R-  , ~',,~.~ = oo. Rg=: h ~ , , _ ,  

'v~ : :  g _ , , % - - ~ - -  v ,  v ;  .... , u ;  ,,_, v (v~0 = < v ) ,  v7 = ,~"f; . . . .  , v 

(or V i'' = mR"-fi,n_tV, respectively), where m = ~k+n,n_~/%k+n,n_~, the system of equations 

for voltages Vin at nodes Pi of the network will be identical to the finite-difference system 
of equations (9)-(12), (15), (16) for the Verigin problem. 

The reverse problem is modeled on this R-grid according to the following procedure. 

When condition A is satisfied, then in each tn-layer the quantity qn (or Uon) is selected 
so that condition (13) will be satisfied in node Pk+n within an accuracy governed by the accu- 
racy of the approximation and the accuracy of the hardware. One subsequently finds on the 
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model the values Uin and Ujn characterizing the temperature field in both phases. For pro- 
ceeding to the next time layer, one shifts the point Pn+k on the interphase boundary to the 
next node to the right. The changes to be made in the electrical network in the [icinity of 
point Pk+n are simple and obvious. On the modified grid one finds qn+~ Ui,n+~ Uj,nqz~ etc. 

When condition B is satisfied, then along with qn, Uin, and Ujn one must also find ~(tn), 

i.e., the quantities ~n" In this case rn, Ujn, and Uin (~ = x m < x i) can be determined from 
the solution to the forward problem 

% hz (17) 

Uio == (p,, m ~ f < re, U , . ~  = d (a, t~) ,  

U ~ , , - -  F'~,n_~ 1 - =- 
7 i  . . . .  I T I  t == ~ I f i  . . . .  I (~ff~41 .n - -  U i n )  - - -  ~ i - 1  . . . .  1 (Urn --- U ~ - I  ,,,)] - -  c i . . . .  1 U i , ,  - -  / i  . . . .  ' ,  I~ -,-- H < l ' <  Jr, 

( z s )  

Uio =: ~i ,  h ~ < N ,  ~ . , ~ _ ~ ( U n , ~ - - O : v - - , . , , , ) - ~ - h v , ~ < U x .  :-- 

in region d < x < L. Equations (17) and (18) must be supplemented with conditions (13)-(14) 
or (13), (15)-(16). 

This second forward problem can be solved by the method of iterations in the tn-layer ac- 
cording to the scheme 

~0i , n - -1  
_ _  _ _  l / ( s )  ; i [;,.~ . . . .  ~ , - <  ~t~)~ ~ _ ~  a~ ~ Ul !~ , , , ) }  ~ , ,  . - ~ , , , _ ~  - -  [~J i -~ l  ,n  ---- ~ zn / , n - - I  , , ~ i n  - - -  Ci .~2--I ' 

1~2 . 

m < i ~  k --}- n,  

U(~) U(a, ~),  I l l n  

~ .. . . .  1 8}~) --q:SsjUi . . . .  j : = - - t l .  21 [/~i =- . . . .  1 ln(s)l.ta*~J1 ,,z - -  U l ~ ) ) - - ~ i - i  .z - l , (~(s)Dz - -  T-t(s~}L.~ ~;_] ,.)j'~' - -  C2 ,.,,--I b;~;e } { 77,#--1 , /r / /g < [ < a~r 

U(S) ~'hs) 
h p n , n  ~ ~ k n , n  , 

(19 

~,~_~ t U  x , ,  - -  ,<.v-~ ,,,) + >-,. ~<v,, . . . .  

{ [ - q~(sq-  1 ) 1 b y e , _  l ~ ',e = - T(s) Pr~-~--  qp-* q- 
P,,-! --- q~-~ + don-, ! 

' { U t ~ b n ~ . l , n - - L , ~ + n , n / j ~ '  ' 

(20 

1 
w h e r e  P ~ - 1 - - - 7  s . . . .  j - - U  . . . . . .  ,) a r e  k n o w n  f r o m  t h e  p r e c e d i n g  l a y e r .  

h 

Relations (19) and (20) are used for the Stefan problem. For the Verigin problem they 
must be replaced with the relation 

_ _ ~ _ _  O(s) , , ( s l  r , , ~ )  _ , , , i s >  , , <  ' : ~ ( u ] % , f ,  , , . . . . . . .  ), 
" J h - b n , n  = u k + a , n ,  t,. ~w, l e _ , ~ n , e z - - - c a & - ,  n- ! , ,e ]  

= - -  h Y ~ - i  -7~ 7l-1 ~ tUA.~n  1,H - ",.'1 d-; ,, * ~ZS-i-I } P l l . - i  q'- ~DrI-1 ~Z ' . ' 

h 
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TABLE i. 
Locations of Phase Front ~(t) 

Values of Boundary Function U(0, t) for Successive 

! 

1,002 [ 1,005 
0,9 I, 1,0 
0,984 [ 0,995 

I 

1,7 I 1,8 

U(O,O l 1,000 i 1,010 t I,OlO i 0,996 I 1,000 
(t) 0,4 0,5 0,6 0,7 0,8 

(0 1,2 1,3 1,4 1,5 1,6 

1,002 
1,1 
1,017 
1,9 

In the iteration process Uio and Uio are given, Ui,n_: and Ui,n-1 are known from the pre- 
ceding layer, and T~ ~ can be made equal to ~n-1" The iteration process is terminated upon 
reaching the given accuracy for T n. 

It is essential to point out that the solution of system (17)-(18) together with the cor- 
responding iteration process are easily realizable on the same R-grid for solving the reverse 
problem. In a certain tn-layer one models first Eqs. (17)-(18) on the right-hand half of the 
R-grid (starting at point x = a) and then, if necessary, the corresponding iteration process 
so as to find Tn, Uin (m < i < k+n), Uin (k+n < i < N), whereupon one connects the left-hand 
side of the R-grid and solves the reverse problem in this layer just as for the case A. Real- 
ization of Eqs. (17)-(18) and of the iteration process does not require any additional modifi- 
cations of the R-grid or any changes in its parameters with regard to the reverse problem. 

As an example we show here the results of modeling, according to this procedure, the 

problem 

U t=2U~x(O<x<~(t), t>to=O.181), U t = D ~ x ( ~ ( t ) < x < l : : 2 ) ,  

u (~ (t), t) = 0 (~ (t), t), d~ (~ (0, t) = ~ (~ (t), t), 

U(x, to) = ~(x) = 1 -- 1.3176 [1 ---r F2-~o)l (o < x < O , 4 ) ,  

U(x, to) =~(x) = 1.0402 [1 - - O ( x l 2  Vt~)] ( 0 ,4<x<2) ,  

U~ (2, t ) = -  O,5869lVFexp(--  I/t), 

~' (t) = G~ (~ (t), t)--2Ux (~ (t), t), ~ (to)=~o=0.4; (~ (t) = 0.94 ( ~  U(O, t )=  1). 

The data in Table 1 represent the values of U(0, t) found by this method of modeling on 
an EI-12 electrical integrator for successive locations of the boundary ~(t) according to the 
scheme (9)-(13), (15), (16) with an h =0, 1 step. The calculations were made with time steps 
larger than critical. The high accuracy of the results is attributable to the fact that the 
calculations were made within the stability range of the difference scheme. 
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